The elastic medium considered in this paper1 is assumed to have at each point at least one plane of elastic symmetry parallel to the neutral plane of the plate, which is taken as the xy plane. The theory of bending of thin plates possessing this type of anisotropy has been developed mainly by Boussinesq,2 Voigt,3 and Lechnitzky.4 It is based on the usual assumptions of thin plate theory, leading to the following relations which are valid throughout the (small) thickness 2h of the plate where ba are constants depending upon the elastic material and q(x, y) is the normal load per unit area on the upper face, the lower face being free.
The problem, therefore, is to find a solution w{x, y) of (1.3) which satisfies the prescribed conditions at the boundary (edge) Co of the neutral surface of the plate. This general problem has not been solved even in the case of very simple boundaries. Some success was achieved by various writers6 investigating special shapes of plates made of material with three mutually perpendicular planes of elastic symmetry (orthotropic material). In the present paper a general method of solution is indicated when the boundary Co is an analytic curve. Detailed solution, illustrating the procedure, is carried out in the case of a clamped elliptic plate and a polynomial loading function q(x, y). The complicated form of the solutions obtained is due to the generality of the problem. For a given material the values of the parameters in (1. where fk(zk) are arbitrary functions of zk, and f{zk) are their conjugates. These functions are analytic in the regions which correspond through (2.4) to the region occupied by the plate. If the roots /ui and nz in (2.2) are not distinct, the solution w assumes the form w = zi/i(zi) + zi/i(zi) + gi(zi) + gi(zi) + w0.
(2.7)
When the region in the xy plane is simply-connected, these analytic functions are also single-valued.
The present discussion will be confined to simplyconnected regions bounded by analytic curves Co. Let the parametric representation of the boundary be:
The period of the functions F"{t) is 2ir; their Fourier coefficients are 1 r2x 1 r2r
dns --I F,(t) cos ntdt; ens = -I F,(t) sin nt dt. (2.8a)
The boundaries of the corresponding regions in zk planes, by virtue of (2.3), are Ck'. zk = Fi(t) + iiicF2(t), k = 1, 2. (2.9)
It should be noted that the homogeneous deformations (2.4) and hence the contours Ck are determined at the outset by the anisotropy of the plate. The controlling parameters are five in number, namely bn, &ie, (&12 + &66), &26, &22, or in, Jxi, /3i, a2, ft-3. Outline of procedure. The form of the solution (2.6) suggests that some simplification could be achieved by considering the boundary conditions directly in the z* planes. The boundary conditions usually consist of two functional relations between the deflection w and its partial derivatives of at most third order on Co
If one regards zk and zk as the independent variables, then
Hence, the boundary conditions (3.1) can be formulated along either Ci or C2:
It is desirable to express the boundary conditions in terms of a single variable. To effect this, suitably chosen neighborhoods of contours Ck in Zk planes are mapped conformally into some neighborhoods of circumferences yk of unit radius in new complex ft planes in such a way that points on Ck correspond to points on yk.9 Let <pk represent the polar angle in the planes. Identical values of <pi and <p2, 0g^>2<27r, can be made to correspond to one and the same value of the parameter t on Co, 0^t<2ir, by the proper choice of the mapping functions
Laurent expansions for c*k(%k) are found in terms of the Fourier coefficients of F,(t). Let the common value of ft and on yk be denoted by o-= ei*'; then by virtue of the relations
the boundary conditions (3.2) can be expressed in terms of <r alone:
The deflection w may have the forms
where 4>k(Zk) -fk{uk($k)} and iA*(ft) =gk {"^(f*-)} are undetermined functions, analytic and single-valued in some neighborhoods of yk-Accordingly one has +00 +00
-00 m--00
Expanding T" in (3.6) into powers of cr and equating coefficients of like powers to zero, one may expect to obtain recursion formulae for the determination of the coefficients Amk and Bmk in (3.9). This, in essence, solves the problem. 4. The mapping functions. The mapping functions «4.(ft), if they exist, must be analytic and one-valued at least in narrow rings around the circumferences yk where they can be represented by convergent Laurent series, say
The correspondence between points on the curves Ck and yk is expressed through the equation Letting identical values of <pi and <£>2 correspond to the same value of the parameter t, tpk -t, one can solve for the coefficients Dkm from (4.2) and (4.3):
Dk,-" - §|(^ni + akdn2 -/3ke"2) + i(e"i + <xke"2 + Pkdn2)\, n 2: 0.
It will be shown presently that are also (real) analytic. Replacing t by the complex variable z which reduces to t on the real axis, one is led to complex functions, satisfying the conditions of the preceding theorem. But since (4.6) applied to the functions (4.7) implies (4.5), the existence of regions of convergence of (4.1) containing yk is shown. These regions can be narrowed to rings about11 7* in which the derivatives of the mapping functions have no zeros so that the functions themselves are simple (schlicht). The representations of the narrowed regions on the corresponding bands about Ck are therefore one to one and conformal as desired. The foregoing discussion can be extended to any number of planes zk■ If, for instance, one sets fJ.o = i, one obtains a function w0(ro) mapping conformally the original curve Co together with a surrounding band into 70, the circumference of unit radius in a new plane, and its neighborhood. 5. Mapping of elliptic regions. The procedure described in the preceding section constitutes a practical scheme for the determination of the mapping functions Uk($k) once the shape of the plate is known. In the case of the ellip- o2 + b\al -0f)
It also follows from (5.2) that the families of circles concentric with 7* in the planes correspond to the families of confocal ellipses with foci at 2 VrkSk in the Zk planes. In particular, to the circumferences 7k correspond the elliptical contours (5.3) and to the smaller12 circumferences with radii \Z\Rk\, the degenerate ellipses of the families, i.e., the double segments joining the foci. These degenerate ellipses can be represented in the form 11 7k may well be the outer boundary of these annuli when the derivatives F[ (t), s = l, 2, vanish simultaneously. Thus the class of curves to which this discussion is applicable is somewhat larger than the class of analytic functions as usually defined.
12 If in and ix2 are defined to be the roots whose imaginary parts are positive, /3a>0, then vnsici. from the functions <t>k($k) in (5.7) are single-valued in the full, simply-connected interiors of the ellipses Ck■ An affirmative answer is reached after application of Schwarz's Reflection Principle to the potentially different branches of Fk(zk) on the opposite sides of the slits. Therefore, if the unknown coefficients in (5.7) are determined from similarly transformed boundary conditions, the resulting functions will correspond to the solutions of the original problem.
6. Uniqueness of solutions. If in (2.7) the functions/i(zi) and gi(zi) were replaced by/i(zi)+/i*(zi) and gi(zi)+gi*(zi) where Re{zif*(zi) + gi*(zO} =0, (6.1) the value of w would remain unaltered. The extent of arbitrariness in the choice of /i(zj) and gi(zi) is determined next by finding the most general analytic functions/*(zi) = U\-\-ivi and g*(zi) =«2+^2 satisfying (6.1), or the equivalent condition where dzo and ds are differentials along Co and dzk the corresponding (dependent) differentials in the zk planes. The equations (7.1) and (3.2), together with the mapping functions (3.4) make it possible to formulate the boundary conditions in terms of a on the circumferences
In the case of a clamped plate one has the conditions:
on Co, which are equivalent to the vanishing, on of the expressions13 w(a, a) = 0, (7 .3a)
where da is dependent on dz0. Obviously, to the part of w(<r, a) obtained by transformation of/,(z,) and gi(zi) one applies the operator in (7.3b) with k=i. It is expedient to make use of the mapping function 30=^0(^0) for the transformation of the particular integral w0. When &=0 the operator in (7.3b) reduces to
If the normal load q(x, y) in (1.3) is expressed as a polynomial14 in x and y of degree («i -4), w0 is a polynomial of degree n\. For instance, when the load is linear 2h® \ q(x> y) = -(Co + CiX + c2y), (7.6) where are real parameters, one can take for w0, 13 It is noted that, as a consequence of (3.2) and (3.4), a and "a are treated as independent variables in the partial differentiation process, whereas the result can be simplified by a=l/a, an identity on 7*.
14 This may be considered as an approximation to more complicated loading functions.
w0(x, y) = ----x* + 777-+ TT~y6-(7.7)
4! bn 5! b 11 5! b22
The following abbreviations referring to values on the original curve Co but expressed on yk are introduced: 
The preceding transformation of the particular integral w0 is valid whether the deflection w has the form (2.6) or (2.7). However, the parts of w involving the unknown functions fk(,Zk) and gk{zk) have to be treated somewhat differently in the cases of equal and distinct roots. To avoid repetition only the first case is discussed here.
8. The case of equal roots. Substituting'5 (3.8) into the boundary conditions (7.3a) and (7.3b) and simplifying gives: (8.1a) 1r, v 1 w 1 [Vol. I, No. 2 In order to avoid a system of an infinite number of equations in infinitely many unknowns the following device is used. The condition (8.1b) is replaced by a combination of (8.1b) and (8.1a). The first boundary condition (8.1a) is an identity in a and will therefore yield an equality upon differentiation with respect to <r. This equation is multiplied by | cr2co '(cr) 2 p + (pp + qq) and added to (8.1b). In the resulting identity, one solves for the expression involving the unknown functions and obtains16 Combining the terms -Rcr) and §((&-ifla)<T+l/ff(b+ijid)) with the expansion (8.5), one simplifies the right-hand member of (8.4a):
Let Qn denote the coefficient of cr" in (8.4b). This coefficient is evaluated by means of relations similar to (7.9). It is found that Qn vanishes for n>n\.
Recalling that Aq = 0, Ai = Ah and B0 = B0, one concludes from the relations between the coefficients of a" in (8.4a) and (8. 
s(n + lMn+i -sRRn+1An+i + nBn = Qn -sR(n -l)4"_i -^n_1^4n_i, and of the conjugate equations has a non-vanishing determinant:
ssDn+1(P) = ss{i-(n+iyPn+2n(n+2)P"+l-(n+iyP»+2+P'2n+2}, n> 1, because P< 1. The system, therefore, possesses a unique solution given by the expressions:
(1 -(n + 1)P» + nP"+0 -QnR»(n -{n + 1)P + P"+1) sDn+1 -nbn{ 1 -P"+1) + n(n + 1)W?"(1 -P) + sRDn{P)An._x
Dn+l -QnR"{(n +!)-(« + 2)P + P»+2} -(n + 1)6,(1 -P"+2)
+ 5"P"{(ft + l)2 -»(» + 2)P -P"+2}
+ sPG"+i(PM"_i + sR '^E^PU^}, (8 .9) where the following abreviations are used:
One can calculate any number of coefficients in the expansions of $(f) and \p(£) from those already known, A0 and Alt and the recurrence formulae (8.8) and (8.9). If (8.8) is rewritten for n>ni in the form A n+l 1 (  S  ^4n_x) -n XDn(P) + -Rn+1En(P) \ , (8.10)
An-1 Dn+l{P) I S An-l)
One sees that lim"_>00|^4n+1/^4B_1| = |i?|. Consequently, </>(f) and \p({) converge and represent analytic functions in the ring |i?|3/2<|f| <|i?|-1/2, which extends beyond the ring corresponding to the interior of the ellipse C0. The expansions are finite if A"-i and An vanish for any w>»i. In the case of the linear load one finds ^46=^46 = 0, Bbp^0, so that the solution is a polynomial of fifth degree. Specific examples indicate that the solution is a polynomial when the loading function q(x, y) is a polynomial.
9. Conclusion. The discussion in the case of distinct roots is similar to that of Section 8. For details and results the reader is referred to the author's doctoral thesis.17
When the solution reduces to the, results for an isotropic clamped elliptic plate bent by uniformly varying load.18 Another important special case is that of an orthotropic elliptic plate bent by a linear load, for which the solution is new. There are two possibilities obtained by setting either hi =i@i, Vi or Mi = «i+^8i, Hz = -ott+ifii. The calculations in these and other specific cases are comparatively simple. It is clear that by specifying the values of some or all of the parameters characterizing the material of the plate, its shape, and the type of loading, a considerable simplification is achieved.
The foregoing method can be extended to the cases of (a) different boundary conditions, (b) different shapes of plates. Many of the devices and formulae, such as those of Sections 4, 6, and 7, remain valid. The extension to the interesting case of infinite doubly-connected regions involves little more than the additional feature of determining the character of the multiple-valued functions fk(zk) from the fact that the deflection w remains single-valued and continuous.
